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Abstract
Coulter–Matthews (CM) bent functions are from F3n to F3 defined by Tr(ax
1
2 (3
α+1)), where a ∈ F∗3n
and (α,2n) = 1. It is not known if these bent functions are weakly regular in general. In this paper, we
show that when n is even and α = n + 1 (or n − 1), the CM bent function is weakly regular. Moreover, we
explicitly determine the dual of the CM bent function in this case. The dual is a bent function not reported
previously.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let Fq be the finite filed with q elements. A function f :Fq → Fq is called planar if for every
0 = a ∈ Fq , x → f (x + a) − f (x) is a permutation of Fq . A planar function gives rise to an
affine plane with q2 points admitting Fq ×Fq as a regular automorphism group; see Dembowski
and Ostrom [2] for the details.
A function g :Fpn → Fp , where p is a prime, is called bent if
∣∣∣∣ ∑
x∈Fpn
ζ
g(x)+Tr(bx)
p
∣∣∣∣= p n2 for all b ∈ Fpn,
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506 X.-D. Hou / Finite Fields and Their Applications 14 (2008) 505–514where ζp = e2πi/p and Tr is the trace from Fpn to Fp . If there exists u ∈ C with |u| = 1 such that
∑
x∈Fpn
ζ
g(x)+Tr(bx)
p = uζ g˜(b)p p n2 , b ∈ Fpn,
for some function g˜ :Fpn → Fp , g is called a weakly regular bent function, see [6,7]. In this
case, g˜ is also bent and is called the dual of g. If we assume that g˜(0) = 0, which we will in this
paper, g˜ is unique. Almost all known bent functions are weakly regular. Recently, Helleseth and
Kholosha [4] found an example of a non-weakly-regular bent function. The function is Tr(ξ7x98)
defined on F36 , where ξ6 + ξ5 + 2 = 0. (One can check that
∑
x∈F36 ζ
Tr(ξ7x98+bx)
3 equals −27
and 27ζ 23 when b = 0 and 1, respectively. Hence Tr(ξ7x98) is not weakly regular.)
If f :Fpn → Fpn is a planar function, then for every a ∈ F∗pn , Tr(af (x)) is a bent function
on Fpn . This fact follows from straightforward calculation of |∑x∈Fpn ζTr(af (x)+bx)p |2.
2. The Coulter–Matthews planar (bent) functions
In 1995, Coulter and Matthews [1] found a remarkable family of planar functions on F3n
using the Dickson polynomial. Let α ∈ N. They showed that x 12 (3α+1) is a planar function if
and only if (α,2n) = 1 and, as a corollary, x 12 (3α+3n) is a planar function on F3n if and only if
(n−α,2n) = 1. We will refer to these functions as the Coulter–Matthews (CM) planar functions
and the corresponding bent functions, i.e., Tr(ax 12 (3α+1)) and Tr(ax 12 (3α+3n)), a ∈ F∗3n , as the CM
bent functions.
It is not known in general if CM bent functions are weakly regular. In this paper, we show
that when n is even and α = n + 1 (or n − 1), the CM bent function Tr(ax 12 (3α+1)) is indeed
weakly regular. Moreover, we compute the dual of this bent function explicitly. The dual is a
bent function not reported previously.
In the CM function Tr(ax
1
2 (3
α+1)), where (α,2n) = 1, we may assume that 0 < α < 2n since
x
1
2 (3
2n+1) = x for all x ∈ F3n . Moreover, if 0 < β < n, then Tr(ax 12 (3n−β+1)) =
Tr(a3n+β x
1
2 (3
2n+3n+β)) = Tr(a3n+β x 12 (3n+β+1)). Therefore, it suffices to consider the case
n < α < 2n.
3. The dual of Tr(ax
1
2 (3
n+1+1))
We write e(y) = ζTr(y)3 for y ∈ F3n .
Lemma 3.1. Let n > 0 be even and α > 0 odd. Let a, b ∈ F3n . Then
∑
x∈F3n
e
(
ax
1
2 (3
α+1) + bx)
=
∑
x∈F3n
e
(
ax
1
2 (3α+3n) + bx)+ i Im( ∑
x∈F3n
e
(
ax3
α+1 + bx2)). (3.1)
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∑
x∈F3n
e
(
ax
1
2 (3
α+1) + bx)
= 1
2
[ ∑
x∈F3n
e
(
ax3
α+1 + bx2)+ ∑
x∈F3n
e
(
aβ
1
2 (3
α+1)x3α+1 + bβx2)] (3.2)
and
∑
x∈F3n
e
(
ax
1
2 (3
α+3n) + bx)
= 1
2
[ ∑
x∈F3n
e
(
ax3
α+1 + bx2)+ ∑
x∈F3n
e
(
aβ
1
2 (3
α+3n)x3α+1 + bβx2)]. (3.3)
Let  ∈ F∗3n such that the order of  is 4. Then in (3.3),
∑
x∈F3n
e
(
aβ
1
2 (3
α+3n)x3α+1 + bβx2)
=
∑
x∈F3n
e
(
aβ
1
2 (3
α+3n)(x)3α+1 + bβ(x)2)
=
∑
x∈F3n
e
(
aβ
1
2 (3
α+3n)x3α+1 − bβx2)
=
∑
x∈F3n
e
(−aβ 12 (3α+1)x3α+1 − bβx2) (since β 12 (3n−1) = −1)
=
∑
x∈F3n
e
(
aβ
1
2 (3α+1)x3α+1 + bβx2).
So, (3.3) can be written as
∑
x∈F3n
e
(
ax
1
2 (3
α+3n) + bx)
= 1
2
[ ∑
x∈F3n
e
(
ax3
α+1 + bx2)+ ∑
x∈F3n
e
(
aβ
1
2 (3α+1)x3α+1 + bβx2) ]. (3.4)
Equation (3.1) follows (3.2) and (3.4). 
Before stating the main theorem, we recall a few facts about exponential sums of quadratic
forms on F3n . Let n and α be positive integers. Let a, b ∈ F3n and
fa,b(x) = a3αx32α − b3αx3α + ax ∈ F3n [x]. (3.5)
508 X.-D. Hou / Finite Fields and Their Applications 14 (2008) 505–514Then ∑
x∈F3n
e
(
ax3
α+1 + bx2)= ±in−la,b3 12 (n+la,b), (3.6)
where
la,b = dimF3
{
x ∈ F3n : fa,b(x) = 0
}; (3.7)
see [3,4]. If (n,α) = 1, then la,b  2. In fact, if we assume n > 2 and write fa,b(x) = a0x +
a1ρ(x) + a2ρ2(x), where ρ(x) = x3α , then by [5, Proposition 2.1],
n − la,b = rank
⎡
⎢⎢⎢⎢⎢⎣
a0 a1 a2
ρ(a0) ρ(a1) ρ(a2)
· · ·
· · ·
ρn−2(a2) ρn−2(a0) ρn−2(a1)
ρn−1(a1) ρn−1(a2) ρn−1(a0)
⎤
⎥⎥⎥⎥⎥⎦ n − 2.
Theorem 3.2. Let n and α be positive integers such that n is even and (α,n) = 1 and let a ∈ F∗3n ;
hence both Tr(ax 12 (3α+1)) and Tr(ax 12 (3α+3n)) are CM bent functions on F3n .
(i) Tr(ax 12 (3α+1)) is weakly regular if and only if Tr(ax 12 (3α+3n)) is.
(ii) Assume that Tr(ax 12 (3α+1)) and Tr(ax 12 (3α+3n)) are both weakly regular with duals g and h,
respectively. Then
g(b) =
{−h(b) if fa,b(x) has 1 or 9 roots in F3n ,
h(b) if fa,b(x) has 3 roots in F3n , (3.8)
where fa,b(x) is defined in (3.5).
Proof. First, assume that Tr(ax
1
2 (3
α+3n)) is weakly regular with dual h. Then
∑
x∈F3n
e
(
ax
1
2 (3
α+3n) + bx)= 3 12 nζ h(b)3 , b ∈ F3n , (3.9)
where  ∈ C, || = 1. Since ( 12 (3α + 3n),3n − 1) = 2 and since −1 is a square in F3n , we have∑
x∈F3n
e
(−ax 12 (3α+3n))= ∑
x∈F3n
e
(
ax
1
2 (3
α+3n)),
i.e.
∑
x∈F3n e(ax
1
2 (3
α+3n)) ∈ R. Therefore in (3.9),  = 1 or −1 (fixed). (Recall that by our as-
sumption for the dual, h(0) = 0.) By (3.1) and (3.9), we have
3
1
2 n =
∣∣∣∣ ∑ e(ax 12 (3α+1) + bx)
∣∣∣∣=
∣∣∣∣3 12 nζ−h(b)3 + i  Im
( ∑
e
(
ax3
α+1 + bx2))∣∣∣∣,
x∈F3n x∈F3n
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∣∣∣∣ζ−h(b)3 + i  3− 12 n Im
( ∑
x∈F3n
e
(
ax3
α+1 + bx2))∣∣∣∣= 1. (3.10)
By (3.6),
i  3−
1
2 n Im
( ∑
x∈F3n
e
(
ax3
α+1 + bx2))= {0 if la,b = 0 or 2,±i 3 12 if la,b = 1, (3.11)
where la,b is defined in (3.7). If la,b = 1, combining (3.10) and (3.11), we must have
ζ
−h(b)
3 = −
1
2
±
√
3
2
i and i  3−
1
2 n Im
( ∑
x∈F3n
e
(
ax3
α+1 + bx2))= ∓√3i. (3.12)
Therefore, by (3.1), (3.9), (3.11) and (3.12),
∑
x∈F3n
e
(
ax
1
2 (3
α+1) + bx)=
{
3
1
2 nζ
−h(b)
3 if la,b = 0 or 2,
3
1
2 nζ
h(b)
3 if la,b = 1.
So, Tr(ax
1
2 (3
α+1)) is weakly regular with a dual given by (3.8).
If we assume that Tr(ax
1
2 (3
α+1)) is weakly regular, the same argument shows that
Tr(ax
1
2 (3
α+3n)) is also weakly regular. 
Corollary 3.3. Let n > 0 be even and a ∈ F∗3n . Then Tr(ax
1
2 (3
n+1+1)) is a weakly regular bent
function on F3n whose dual is given by
g(b) =
{
Tr( b
2
a
) if x − b3
a
x3 + a2x9 has 1 or 9 roots in F3n ,
−Tr( b2
a
) if x − b3
a
x3 + a2x9 has 3 roots in F3n .
(3.13)
Proof. The function Tr(ax
1
2 (3
n+1+3n)) = Tr(ax2·3n) = Tr(ax2) is weakly regular with dual
−Tr( b2
a
), b ∈ F3n . Also, with α = n + 1, we have fa,b(x) = a3x9 − b3x3 + ax = a(x − b3a x3 +
a2x9). Therefore, the conclusion of the corollary follows immediately from Theorem 3.2. 
Remark. In Corollary 3.3, when n = 2, Tr(ax 12 (3n+1+1)) = Tr(ax14) = Tr(a3x2) and
g(b) = −Tr( b2
a3
). When n  4, the bent function g in Corollary 3.3 was not reported in liter-
ature previously.
In the next section, we will explicitly determine when x − b3
a
x3 + a2x9 has 1 or 3 or 9 roots
in F3n . Readers who think that (3.13) is explicit enough may skip the next section.
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To simplify the notation, throughout the rest of the paper, we adopt the following convention:
in a sum over integer indices i1, j1, . . . , ik, jk , the indices i1, . . . , ik are always assumed to be
even and j1, . . . , jk are always assumed to be odd. We first prove the following proposition
which holds for all finite fields.
Proposition 4.1. Let n > 0 be even. Let f (x) = x + cρ(x)+ dρ2(x) (x ∈ Fqn ), where c, d ∈ Fqn ,
d = 0, and ρ is a generator of Aut(Fqn/Fq). Then
dimFq
{
x ∈ Fqn : f (x) = 0
}= null(I − (−1) n2 B [ u v
w z
])
, (4.1)
where
B =
[
ρn−2(d)ρn−4(d) · · ·ρ0(d) 0
ρn−1(c)ρn−3(d)ρn−5(d) · · ·ρ1(d) ρn−1(d)ρn−3(d) · · ·ρ1(d)
]
, (4.2)
u =
∑
k0
0i1<j1<···<ik<jk<n−2
(−1)kρi1(c)ρj1(c) · · ·ρik (c)ρjk (c)
· [ρi1(d−1)ρi1+1(d) · · ·ρj1−1(d−1)] · · · [ρik (d−1)ρik+1(d) · · ·ρjk−1(d−1)], (4.3)
w =
∑
k>0
0<j1<i1<···<ik<jk<n−2
(−1)k−1ρj1(c)ρi1(c) · · ·ρjk (c)
· [ρj1(d−1)ρj1+1(d) · · ·ρi1−1(d−1)] · · · [ρjk−1(d−1)ρjk−1+1(d) · · ·ρik−1−1(d−1)]
· [ρjk−1(d−1)ρjk−2(d) · · ·ρ0(d−1)], (4.4)
z = ρ(u), (4.5)
v = −cρ(u) − dρ(w). (4.6)
Note. Proposition 4.1 also has a similar version for odd n. However, we do not need it in this
paper.
Proof of Proposition 4.1. We first assume that n 4. By [5, Proposition 2.1],
dimFq
{
x ∈ Fqn : f (x) = 0
}= nullA
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A =
⎡
⎢⎢⎢⎢⎢⎣
1 c d
1 ρ(c) ρ(d)
· · ·
· · ·
ρn−2(d) 1 ρn−2(c)
ρn−1(c) ρn−1(d) 1
⎤
⎥⎥⎥⎥⎥⎦ .
We want to bring A into the form
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 a0 1
1 a1 1
· · ·
· · ·
1 an−4 1
1 an−3 1
β 1 an−2
δ γ 1
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.7)
through row and column multiplications by nonzero scalars. To achieve this, we need to mul-
tiply column 3 of A by ρ0(d−1), row 3 by ρ0(d), column 5 by ρ0(d−1)ρ2(d−1), row 5 by
ρ0(d)ρ2(d), . . . . The operations for columns and rows 2,4, . . . are similar. In (4.7), we have
ai = ρi(c)ρi−1
(
d−1
)
ρi−2(d) · · ·ρ0(d(−1)i ),
β = ρn−2(d)ρn−4(d) · · ·ρ0(d),
γ = ρn−1(d)ρn−3(d) · · ·ρ1(d),
δ = ρn−1(c)ρn−3(d)ρn−5(d) · · ·ρ1(d). (4.8)
Let
U(x) =
[
1 x
1
]
, L(x) =
[
1
x 1
]
, B =
[
β
δ γ
]
.
We can write the matrix in (4.7) as
⎡
⎢⎢⎢⎢⎢⎣
U(a0) L(a1)
U(a2) L(a3)
· ·
· ·
U(an−4) L(an−3)
⎤
⎥⎥⎥⎥⎥⎦ ,B U(an−2)
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⎡
⎢⎢⎢⎢⎢⎣
U(a0) L(a1)
U(a2) L(a3)
· ·
· ·
U(an−4) L(an−3)
(I − (−1) n2 BΠ)U(an−2)
⎤
⎥⎥⎥⎥⎥⎦ ,
where Π = U(a0)−1L(a1) · · ·U(an−4)−1L(an−3)U(an−2)−1. Therefore,
nullA = null(I − (−1) n2 BΠ).
The matrix Π can be computed explicitly. Using the fact that
[ 0 x
0 0
][ 0 y
0 0
]= 0 and [ 0 0
x 0
][ 0 0
y 0
]= 0,
we have
Π =
(
I +
[
0 −a0
0
])(
I +
[
0
a1 0
])
· · ·
(
I +
[
0 −an−4
0
])(
I +
[
0
an−3 0
])
·
(
I +
[
0 −an−2
0
])
=
∑
k0
0i1<j1<···<ik<jk<n−2
[
0 −ai1
0
][
0
aj1 0
]
· · ·
[
0 −aik
0
][
0
ajk 0
]
+
∑
k0
0<j1<i1<···<jk<ikn−2
[
0
aj1 0
][
0 −ai1
0
]
· · ·
[
0
ajk 0
][
0 −aik
0
]
+
∑
k>0
0i1<j1<···<ikn−2
[
0 −ai1
0
][
0
aj1 0
]
· · ·
[
0 −aik
0
]
+
∑
k>0
0<j1<i1<···<jk<n−2
[
0
aj1 0
][
0 −ai1
0
]
· · ·
[
0
ajk 0
]
.
(According to our convention, in the above sums, it is even and jt is odd.) The four sums in the
above are respectively
[
u 0
0 0
]
,
[
0 0
0 z
]
,
[
0 v
0 0
]
,
[
0 0
w 0
]
,
where
u =
∑
k0
(−1)kai1aj1 · · ·aikajk ,
0i1<j1<···<ik<jk<n−2
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∑
k0
0<j1<i1<···<jk<ikn−2
(−1)kaj1ai1 · · ·ajkaik ,
v =
∑
k>0
0i1<j1<···<ikn−2
(−1)kai1aj1 · · ·aik ,
w =
∑
k>0
0<j1<i1<···<jk<n−2
(−1)k−1aj1ai1 · · ·ajk .
Hence,
Π =
[
u v
w z
]
.
Using (4.8) in the above formulas for u,v,w, z, we get (4.3)–(4.6). Therefore, the proposition is
proved for n 4.
When n = 2, f (x) = (1 + d)x + cρ(x); hence
dimFq
{
x ∈ Fq2 : f (x) = 0
}= null[1 + d c
ρ(c) 1 + ρ(d)
]
.
On the other hand,
I + B
[
u v
w z
]
= I +
[
d 0
ρ(c) ρ(d)
][
1 −c
0 1
]
=
[
1 + d c
ρ(c) 1 + ρ(d)
][
1 −c
0 1
]
.
Thus, (4.1) also holds. 
In Proposition 4.1, let q = 3, ρ(x) = x3, c = − b3
a
and d = a2, where a ∈ F∗3n , b ∈ F3n . Then
(4.3)–(4.6) become
u =
∑
k0
0i1<j1<···<ik<jk<n−2
(−1)kb3(3i1+3j1+···+3ik+3jk )a− 32 (3i1+3j1+···+3ik+3jk ), (4.9)
w =
∑
k>0
0<j1<i1<···<jk<n−2
(−1)kb3(3j1+3i1+···+3jk )a− 12 [3(3j1+3i1+···+3jk )+1], (4.10)
z = u3, (4.11)
v = a−1b3u3 − a2w3. (4.12)
Equation (4.2) becomes
B =
[
a
1
4 (3
n−1)
− 1 (3n+3) 3 (3n−1)
]
.−ba 4 a 4
514 X.-D. Hou / Finite Fields and Their Applications 14 (2008) 505–514Since detB = a3n−1 = 1, we have
B−1 =
[
a
3
4 (3
n−1)
ba− 14 (3n+3) a 14 (3n−1)
]
.
By (4.1),
dimF3
{
x ∈ F3n : fa,b(x) = 0
}= null(B−1 − (−1) n2 [ u v
w z
])
.
Let
C = B−1 − (−1) n2
[
u v
w z
]
=
[
a
3
4 (3
n−1) − (−1) n2 u −(−1) n2 (a−1b3u3 − a2w3)
ba− 14 (3n+3) − (−1) n2 w a 14 (3n−1) − (−1) n2 u3
]
.
(4.13)
Then Corollary 3.3 can be restated more explicitly as follows.
Corollary 4.2. Let n > 0 be even and a ∈ F∗3n . Then Tr(ax
1
2 (3
n+1+1)) is a weakly regular bent
function on F3n whose dual is
g(b) =
{
Tr( b
2
a
) if rankC = 0 or 2,
−Tr( b2
a
) if rankC = 1,
where C is given by (4.13).
5. A final remark
It is not known if CM bent functions are weakly regular in general. Using a computer, we ver-
ified that the CM bent functions with n = 5 and α = 5 ± 2, i.e. Tr(ax 12 (33+1)) and Tr(ax 12 (37+1))
on F35 , are weakly regular.
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